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Previous experiments with mouse chimeras demonstrated that cellular competition for anti-
gen-specific survival signals plays a crucial role in the maintenance of the naive B cell
repertoire. Transgenic (Tg) B cell populations in these chimeras have a shortened lifespan and
poor competitive abilities as compared to more diverse non-Tg populations in the same mice.
We develop a mathematical model to investigate the mechanism of B cell competition. The
model allows for various B cell clones, generated in the bone marrow, to go into the peripheral
circulation, where they compete specifically for various ligands providing survival signals. In
the model we also find the observed poor competitive abilities of the Tg repertoire. Investigat-
ing the nature of the competition in the model, we find that most of the competition is
“intraspecific” occurring largely within the clone of truly Tg B cells, and within the repertoire of
leaky Tg and non-Tg B cells. This is confirmed by analysing a simplified version of the model,
which only allows for intraspecific competition, and resembles a simple ecological model with
density-dependent death. The fact that our model accounts for the data, casts doubt on
a previous interpretation of the same data arguing that more diverse repertoires outcompete
repertoires of lower diversity. Here, we conclude that most of the data can be explained with
intraspecific competition, and formulate an experimental prediction that allows one to distin-
guish between the previous interpretation of inter-specific competition between repertoires,

and the current interpretation of intraspecific competition.

Introduction

The maintenance of the peripheral pools of T and
B lymphocytes is an active homeostatic process
of lymphocytes competing for survival and
renewal signals (Rocha et al, 1989; Freitas
& Rocha 2000). T and B cell repertoires are
partly maintained by de novo production of ma-
ture cells in the thymus and bone marrow
(Freitas & Rocha 1993; Tanchot & Rocha, 1995,
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1997; Mackall & Gress, 1997), and partly by
competitive renewal in the periphery (Rocha et
al., 1989; Freitas & Rocha, 1993; Mackall et al.,
1996, 1997). For T cells this has recently been
called “homeostatic proliferation” (Viret et al.,
1999; Kieper & Jameson, 1999; Ernst et al., 1999;
Surh & Sprent, 2000).

The naive B cell repertoire is largely main-
tained by de novo production of mature cells in
the bone marrow (Freitas & Rocha, 1993; Freitas
et al., 1995; Agenes et al., 1997; Freitas & Rocha,
2000). The bone marrow has an overproduction
because about one-third of the normal number of
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pre-B cells is sufficient for maintaining a normal
peripheral B cell pool size (Agenes et al., 1997).
Similarly, parabiosis experiments show that the
B cell production of one mouse suffices for main-
taining normal peripheral B cell numbers in at
least three mice (Agenes et al., 1997) The de novo
production of naive B cells in the bone marrow
(Agenes et al., 1997) seems independent of the
peripheral B cell population size. Thus, the naive
B cell repertoire appears to be under homeostatic
control where the peripheral survival rate de-
pends on the population density (Freitas et al.,
1995; Agenes et al., 1997; Freitas & Rocha, 2000).
In this manner, density-dependent peripheral
survival rates can compensate for differences in
bone marrow production, which accounts for the
phenomenon of homeostasis. Thus, there is no
typical “pre-programmed” lymphocyte lifespan
(Freitas & Rocha, 1993; Tanchot & Rocha,
1997, 1998), because the death rate is at
least partly determined by the total lymphocyte
density.

A major question in lymphocyte homeostasis
is whether competition between lymphocytes in-
volves ligands (resources) specifically stimulating
the antigen receptor. We have previously de-
veloped models for competition in T cell reper-
toires, and have shown how the diversity of the
repertoire depends on the diversity of resources
the clones in the repertoire are competing for
(De Boer & Perelson, 1997). For naive T cells it is
relatively well established that TCR/MHC inter-
actions are essential for survival (Witherden
et al, 2000). Naive B cell survival also
requires the BCR because B cells lacking the
V-region of the IgM receptor have a very short
lifespan (Rosado & Freitas, 1998). The fact that
the BCR is required for B cell survival does not
necessarily imply that B cells are competing for
antigen-specific signals, however. It could be that
the lifespan of the B cells that are rescued by
tickling the BCR remains determined by com-
petition for non-specific resources like lym-
phokines, adhesion molecules, and/or “space” in
the lymphoid tissue. Previous in vivo experiments
with transgenic mice, however, demonstrated
that competition for antigen-specific resources
does play a crucial role in the survival of naive
B cells (Freitas et al., 1995) [and also of CD8™
T cells (Freitas et al., 1996)]. We will here develop

a mathematical model to improve the interpreta-
tion of these fairly complicated experimental
results.

Irradiated recipient mice reconstituted with
mixtures of bone marrow cells from different do-
nor mice showed that the survival time of the
B lymphocytes from one donor depends on the
presence, and the repertoire diversity, of the other
donor (Freitas et al., 1995). In these experiments
lethally irradiated mice were reconstituted with
normal and/or transgenic bone marrow cells.
Even allowing for the usual “leakiness” of the
transgenic (Tg) B cells, the immunoglobulin di-
versity of the Tg repertoire should be consider-
ably smaller than that of a non-Tg repertoire.
Nevertheless, mice reconstituted with 100% Tg
bone marrow cells obtain approximately normal
steady-state total B cell numbers. Mice recon-
stituted with mixtures of non-Tg and Tg bone
marrow cells in different ratios, always had more
than a proportional number of non-Tg B cells in
their peripheral repertoire (Freitas et al., 1995).
Very similar results were obtained with parabio-
sis experiments with normal and transgenic mice
(Agenes et al., 1997). Thus, increasing B cell reper-
toire diversity seems to increase the competitive
ability of the repertoire as a whole. This strongly
suggests that antigen-specific competition is in-
volved in the homeostasis of naive B cell reper-
toires.

The data in Freitas et al. (1995) have pre-
viously been analysed with a mathematical
model describing the non-Tg and the Tg reper-
toire as two competing (meta) populations
(McLean et al., 1997). Varying the parameter
describing the competition between the Tg reper-
toire and the non-Tg repertoire, this model was
able to fit the data. This result was therefore
interpreted to mean that a more diverse reper-
toire could outcompete a less diverse repertoire
(McLean et al., 1997).

Antigen-specific competition functions at the
level of the individual clones, however, and not at
the level of whole repertoires. Thus, we here de-
velop a new model that explicitly considers the
individual B cell clones in the non-Tg and the Tg
repertoire, and a variety of ligands these clones
are competing for. Summing over all the indi-
vidual clones within the non-Tg and in the Tg
repertoire, we obtain data from our model that
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also fit the experimental data of Freitas et al
(1995), and provide an alternative explanation
for the preferential survival of the non-Tg B cells
when placed in competition with Tg B cells.
We find that “intraspecific” competition
within the Tg-repertoire is sufficient to explain
the data.

Methods

We mathematically model the data presented
by Freitas et al. (1995). Lethally irradiated
(850-900 rads) host mice (8 week, female,
C57BL/6, Iffa Credo, France) received i.v. a total
of 4 x 10° bone marrow cells from donor mice
mixed at different ratios. The mice were kept in
specific pathogen-free conditions; most B cells in
the repertoire should therefore be naive. The do-
nor mice were “non-Tg” C57BL/6 IgH”; “MD4”,
a C57BL/6 line expressing a transgene coding for
the u* + 0% heavy and light chains of an antibody
to hen egg-white lysozyme (HEL) (Goodnow
et al., 1988); and “SP6”, a C57BL/6 line express-
ing a transgene coding both u® heavy and light
chains of a complete BALB/c antibody to 2,4,6-
trinitrophenol (TNP) (Rusconi & Kohler, 1985).
According to previous experiments, these popu-
lations could be ranked linearly by competitive
ability as non-Tg > MD4 > SP6 (Freitas et al.,
1995). For the BrdU labeling, mouse chimeras
were injected i.p. with 1 mg of BrdU every 12 h
for 1, 3 or 6 consecutive days. Purified bone
marrow and spleen cells from BrdU-injected
chimeras were detected according to published
protocols (Freitas et al., 1995).

Model

Consider an immune repertoire composed of
many naive B cell clones B;. Each clone is main-
tained by a source m; of specific cells from the
bone marrow. For simplicity, we ignore the rela-
tively small contribution of naive B cell renewal,
i.e. the naive B cells in our model do not divide.
The average lifespan of any B cell in a repertoire
is determined by interactions with “antigen-
specific survival signals”, here called “epitopes”.
Competition for survival signals comes about
when specific B cells decrease the epitope avail-
ability by temporarily binding with the epitopes.

B cells receiving sufficient survival signals have
a slow death rate d; B cells receiving fewer survival
signals are assumed to have higher death rates.

Since all the B cells of one particular clone
B; have the same specificity, they have to interact
with the same set of epitopes in order to obtain
survival signals. The niche overlap between the
cells of a clone is therefore always larger than that
with cells of other clones. This is typical for re-
source competition: the within-clone, i.e. “intra-
specific”, competition is always stronger than the
“Inter-specific” competition between clones of
different specificities.

B cell clones can be specific for a number, say
¢ (for “connectivity”), of different epitopes, and
hence compete with all other clones having a spe-
cificity for any of these epitopes. Let there be
e epitopes and n B cell clones in the model. Since
the concentrations and the affinities of epitopes
providing survival signals are not known, we
scale their concentrations to one and treat the
affinities as fixed random parameters between
zero and one. The information on who interacts
with whom can therefore be gathered in an nx e
interaction matrix K, with elements 0 < K;; <1,
in which each row lists the interactions of one
particular clone. Since there is no information on
the topology of the interaction of the B cell reper-
toire with the epitopes maintaining it, we let this
matrix be random. Other topologies are not ex-
pected to affect the results. On average each row
in the matrix has ¢ non-zero elements for the
affinities of the (randomly chosen) epitopes the
clone interacts with.

When cells compete for epitopes, the net avail-
ability of each epitope j at equilibrium is

1
Fi=————

i

(1)

where B; is the density of B cell population i. In
the absence of B cells each epitope has a scaled
availability of F; = 1. Increasing B cell numbers
in the denominator decreases the epitope avail-
ability. Equation (1) has been derived previously
in models describing the binding of lymphocytes
to ligands (De Boer & Perelson, 1994, 1995,
1997).

The total survival signal to a clone i is the
sum over all affinity and availability weighted
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epitopes, F;, i.e.
Si= ). KiF;. 2

The B cell clones, B;, are maintained by genera-
tion from the bone marrow at rate m;, and have
a density-dependent survival rate that is deter-
mined by the clonal survival signal S;. Assuming
that the rate of cell loss is inversely related to the
survival signal we write that

dBi dC
dr —mi_z_SiBis (3)

where m; defines the clonal source from the bone
marrow, and d is the death rate constant in the
absence of competition. The death rate constant
is multiplied by a factor ¢/2 to make the average
loss rate of a clone in the absence of competition
independent of the connectivity parameter c. In
the absence of competition F; = 1, and each clone
is expected to receive a total stimulus of S; = ¢K,
where K = 0.5 is the average interaction strength.
The precise form of the competition function in
eqn (3) is not expected to affect the results since
we have obtained very similar behavior with
models where the antigen-specific competition
term was regulating clonal renewal rates (De
Boer & Perelson, 1997).

In the model we consider three categories of
B cells differentiating from Tg and from non-Tg
bone marrow progenitors: (i) truly Tg B cells,
expressing the antigen receptor encoded by the
transgene only, (ii) leaky-Tg B cells, expressing
the Tg antigen receptor plus a randomly rear-
ranged new one, and (iii) non-Tg B cells, express-
ing a randomly rearranged antigen receptor.
After reconstitution, let P be the fraction of
transgenic B cell precursors in the bone marrow,
and let P; be a “leakiness” parameter denoting
the fraction of transgenic bone marrow cells pro-
ducing B cells expressing both a random receptor
and the Tg receptor. Thus, the fraction of leaky-
Tg B cells is Py Py, and the fraction of truly Tg
precursors in the bone marrow is Pr(1 — Py).

The diversity of the non-Tg and the leaky-Tg
repertoires should be proportional to the corre-
sponding number of bone marrow precursors. If
we consider a bone marrow consisting of M bone

marrow cells, then we expect n, = P; Py M leaky-
Tg and n, = (1 — Pr)M non-Tg clones, and one
truly Tg clone with (1 — P;)P+M bone marrow
precursors. Thus, the total diversity of the system,
n=1+n, +n, varies between n=M in a
completely non-Tg system (where P; = 0) and
n =1+ P; M in a fully transgenic system (where
P; =1). The parameters M, Py, and P, thus
determine the diversity n in our model. The total
diversity of the model repertoire should be so
large that it does not limit the total number of
B cells (see De Boer & Perelson, 1997). We have
tested the robustness of our results by allowing
for a higher diversity by increasing M ten-fold. If
each bone marrow cell produces one cell per day
then the source rate of new cells entering the
periphery m; = (1 — P.)PrM cells/day for the
truly Tg clone. Further, if we assume that each
non-Tg and leaky-Tg bone marrow cell produces
B cells with different specificities, then m; = 1
cell/day for each such specificity.

The model was coded in the C programming
language, and the equations were solved using
a Runge-Kutta variable time step integration
routine (Press et al., 1988). We only depict steady-
state results, i.e. for any parameter setting the
system was run until the unique state state was
approached (see the appendix).

Results and Discussion
TOTAL B CELL NUMBERS

The experimental data on the competition be-
tween the repertoires of non-Tg B cells and those
derived from the transgenic MD4 or SP6 bone
marrow cells are summarized in Fig. 1. In both
experiments the total B cell numbers in the spleen
(see the circles in Fig. 1) increase with the fraction
of non-Tg cells. In the spleen the fraction of Tg
B cells is always lower than that in the inoculum
(or that in the bone marrow) (Freitas et al., 1995).
Thus, on average, non-Tg B cells are positively
selected, demonstrating the superior resource
competition of the non-Tg repertoire, and lead-
ing to the counterselection of Tg B cells. In the
double transgenic chimeras of MD4 with SP6
cells one finds that the MD4 repertoire is pre-
ferentially selected (Freitas et al, 1995). This
competitive superiority of the MD4 repertoire is
reflected in Fig. 1 by the higher fractions of Tg
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FIG 1. A comparison of the model behavior with the competition data as provided by Table 1 in Freitas et al. (1995). Panels
(a) and (b) depict the data in millions of B cells per spleen as a function of the fraction of non-Tg bone marrow cells the mice
were reconstituted with. Total B cell numbers are indicated by the circles and the numbers of non-Tg B cells are indicated by
black diamonds. The numbers of splenic Tg B cells, i.e. MD4 in panel (a) and SP6 in panel (b), are indicated by the squares.
Due to their superior competition the fraction of non-Tg B cells in the spleen is always larger than the fraction of non-Tg cells
in the bone marrow inoculum. Total B cells increase somewhat with increasing fractions of non-Tg B cells. Panels (c) and (d)
depict similar data from the mathematical model for a leakiness of 10% (c), and 5% (d), respectively. The dashed line depicts
the total number of truly transgenic B cells. Total B cell numbers in panels (c) and (d) are steady-state numbers (as attained by
computer simulation) and were divided by M to normalize to an average population size. Parameters M = 500 bone marrow
cells, ¢ = 10 connections, e = 100 epitopes, d = 10~ 3/day, and P, = 0.1 in (c) and P; = 0.05 in (d). For leaky-Tg and non-Tg
clones m; = 1 B cell/day, and for the truly Tg clone m; = (1 — P) Py M cells/day.

B cells in Fig. 1(a), depicting a non-Tg/MD4
chimera, as compared to those in Fig. 1(b), de-
picting a non-Tg/SP6 chimera.

The steady-state behavior of our mathematical
model [see Fig. 1(c) and (d)] can be compared
with the data [in Fig. 1(a) and (b)], by changing
the fraction P; of Tg cells in the model bone
marrow. In our model the size of the Tg popula-
tion is in arbitrary units, and is the sum of the size

of the truly Tg clone and all leaky-Tg clones.
Similarly, the size of the non-Tg repertoire is
the sum of the clone sizes of all non-Tg clones.
Setting the leakiness parameter, Pr, to 10%, we
obtain ratios of total transgenic and non-Tg
B cells that are qualitatively similar to those of
the MD4 data [see Fig. 1(c)]. The main difference
between the model and the data is the somewhat
larger increase in total B cell numbers in the
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model when the fraction of non-Tg precursors is
increased. In comparative models, the steady-
state total number of cells is determined by the
total number of resources (i.e. epitopes) being
exploited by the repertoire as a whole (De Boer
& Perelson, 1997). Increasing the repertoire di-
versity by increasing the fraction of non-Tg cells
in the bone marrow, should therefore increase
total B cell numbers. This effect should disappear
when there exists an additional non-specific regu-
lation of B cell survival rates, and/or when the
diversity of the Tg repertoire is so large that it
maximally exploits all epitopes (i.e. when the
parameter M is set sufficiently large).

The data obtained in the non-Tg/SP6 chimera
are qualitatively similar to those of the non-
Tg/MD4 chimera. Both experiments can there-
fore be accounted for with this model. One way
to achieve this is to assume that the diversity of
the functional SP6 repertoire is somewhat lower
than that of the MD4 repertoire. In our model
this can be implemented by reducing the leaki-
ness to 5% [see Fig. 1(d)]. This allows the Tg
MD4 repertoire to recognize a wider diversity of
ligands than the Tg SP6 repertoire, i.e. to have
a wider variety of niches.

Our model allows us to dissect the Tg reper-
toire into the truly Tg clone and the leaky-Tg
clones. In Fig. 1(c) and (d) the dashed line depicts
the total size of the truly Tg clone. The truly Tg
clone attains its maximum size when the fraction
of Tg precursors in the bone marrow is maximal.
This was expected because increasing the number
of Tg bone marrow cells increases the source of
truly Tg B cells. Since the truly Tg B cells are all
competing for the same set of ligands this is,
however, also expected to intensify their competi-
tion for survival signals, which should be reflec-
ted in increased death rates at high Tg ratios.
Indeed similar results were found in recent ex-
periments with RAG ™/~ mice in which non-Tg
B cells compete with monoclonal MD4 Tg B cells
(Freitas, work in progress).

DEATH RATES

In Freitas et al. (1995) the turnover in the non-Tg
and the Tg repertoires was studied by BrdU
labeling. Mice reconstituted with non-Tg and Tg
cells were given repeated injections of BrdU,

which is incorporated in dividing cells in both the
bone marrow and the periphery. In mice with
mixtures of bone marrow cells containing 10%
non-Tg cells, after 6 days of BrdU administra-
tion, 10% of the non-Tg splenic B cells, 20% of
the SP6-Tg splenic B cells, and 25% of the
MD4-Tg splenic B cells were labeled with BrdU.
Thus, in the presence of non-Tg cells, Tg B cells
had an least two-fold higher turnover than the
non-Tg B cells. In double Tg chimeras, recon-
stituted with 50% MD4 and 50% SP6 bone
marrow cells, 12% of both the SP6 and the MD4
spleen cells were labeled with BrdU at day six
(Freitas et al., 1995). Considering that total B cell
numbers are approximately at steady state, im-
plying that cell division is approximately bal-
anced by death, these BrdU data argue for higher
death rates of Tg B cells in the presence of non-Tg
B cells.

Comparing the average Tg B cell death rate
(diamonds) with those of the non-Tg B cells (tri-
angles), the results of our model are very similar
to the BrdU data (see Fig. 2). At 10% non-Tg
cells in the inoculum, we find a four-fold higher
death rate in the Tg compartment. At 90% non-
Tg precursors, the average death rate of Tg
B cells has decreased, and that of non-Tg in-
creased, such that the difference is much smaller.
The short average lifespan of Tg B cells is entirely
due to the rapid death rates of the truly Tg cells:
on average the leaky-Tg B cells live somewhat
longer than the non-Tg B cells (see Fig. 2). Addi-
tionally, the decrease in the death rate of Tg
B cells when the fraction of non-Tg cells in the
inoculum increases is largely due to the truly Tg
B cells (circles in Fig. 2).

These results suggest that the major effect of
increasing the fraction of Tg cells in the bone
marrow is increasing the death rate of truly Tg
B cells. This is confirmed by parabiosis experi-
ments (Agenes et al., 1997). Increasing the frac-
tion of Tg bone marrow cells increases the source
of truly-Tg B cells, which intensifies the within-
clone competition between truly Tg cells for their
survival signals. In Fig. 7 of Freitas et al. (1995)
we indeed show that in some cases in the lowest
fraction of Tg precursors, there are more than
expected Tg B cells in the periphery. The increase
in the average death rate of non-Tg B cells seen in
Fig. 2 is due to a similar mechanism. Increasing



RESOURCE COMPETITION IN B CELL REPERTOIRES 339

Average death rate

L —— : : 0— ——0
0 0.2 0.4 0.6 0.8 1.0
Fraction non-Tg precursors

0

FIG 2. Average cellular death rates in the model. We
compute average death rates by calculating at steady state
(30.5dB;c/S;)/3.B; over all classes of Tg and non-Tg B cells;
the average death rate of (circles) truly Tg B cells, (squares)
leaky-Tg B cells, (black diamonds) all Tg B cells, and (black
triangles) non-Tg B cells. The main effect of increasing the
fraction of non-Tg bone marrow is to decrease the death rate
of the truly Tg B cells. Parameters as in Fig. 1 with P, = 0.1.
Note that the result that leaky-Tg B cells have somewhat
longer lifespans than non-TG B cells need not be realistic,
because one could argue that leaky-Tg B cells, expressing
the same total number of BcRs as non-Tg B cells, should
have a somewhat lower avidity per ligand. (O—O) truly-Tg,
(O0—0) leaky-Tg; #—4 total-Tg; A—A non-Tg.

the total bone marrow source of non-Tg B cells,
also intensifies the (more diffuse) competition
amongst the non-Tg cells, leading to somewhat
higher death rates.

Thus, the experimental fact that Tg cells at
a 50/50 Tg/Tg ratio had a lower death rate than
Tg cells at a 90/10 Tg/non-Tg ratio (Freitas et al.,
1995), need not imply that Tg B cells live shorter
due to the presence of non-Tg B cells. In the 50/50
Tg/Tg experiment each Tg population has
a smaller total bone marrow source than the Tg
population in the 90/10 Tg/non-Tg experiments.
Hence, slower death rates of Tg B cells were to be
expected in these Tg/mon-Tg chimeras. Below
this interpretation is reformulated into a testable
experimental prediction.

Summarizing, the mathematical model sug-
gests a novel mechanism for poor competitive
ability of Tg B cells: we no longer need to
invoke much competition between the non-Tg
and the Tg repertoire to explain the data. The

major effect of increasing the fraction of Tg bone
marrow cells is increased in the Tg B cell num-
bers. By intraspecific competition this increases
the death ates of truly Tg B cells. This is investi-
gated further below.

MEAN FIELD MODEL

Since B cells are competing for resources (Freitas
& Rocha, 2000), it seems only natural that most
of the competition in the truly Tg B cell clone is
with the other truly Tg cells of this clone. To
obtain survival signals, all B cells from the truly
Tg clone have to interact with the same set of
epitopes. Moreover, if the truly Tg clone is very
large, the majority of the B cells that are compet-
ing for this particular set of epitopes are expected
to be truly Tg B cells. This would imply that most
of the competition amongst the truly Tg cells
occurs largely within the clone of truly Tg B cells,
i.e., is intraspecific. In a model developed below
we implement intraspecific competition only, and
show that the model can account for the experi-
mental data.

Since truly Tg B cells interact with a subset of
the epitopes only, we expect little influence of
truly Tg B cells on the survival rates of leaky-Tg
and non-Tg B cells. Most of the epitopes main-
taining the survival of non-Tg and leaky-Tg
B cells are not recognized by the truly Tg B cells.
Hence most of the competition amongst non-Tg
and leaky-Tg B cells is with other non-Tg and
leaky-Tg B cells. In the model developed below
we therefore combine the leaky-Tg with the non-
Tg B cell clones into one “diverse” repertoire in
which most of the competition is again intra-
specific.

This verbal argument is investigated by sim-
plifying our model. Considering the diverse rep-
ertoire of leaky-Tg and non-Tg B cells as a single
population, and considering one clone of truly Tg
cells, we obtain a model with two differential
equations. First, consider the total number of
B cells in the diverse repertoire of n, + n; non-Tg
and leaky-Tg B cell clones. Clones in this diverse
repertoire have an identical source from the bone
marrow, an average affinity K =0.5, and an
average of ¢ interactions in a set of e epitopes.
Since each of the n, + n; clones has probability
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c/e to interact with any particular epitope, the
average epitope availability is

~ 1
T+ 0.5Bc/e
and hence
S, =05cF,=—S )
P 2 4 Befe?

where B is the total number of B cells in the
diverse repertoire of non-Tg and leaky-Tg B cells.
Comparing with Eq. (1), one sees that the com-
petition with truly Tg cells has been ignored. The
average survival signal S; decreases as a function
of the total number of B cells in the diverse
repertoire. Equation (3) still represents the dy-
namics of a single B cell clone in this repertoire,
but is now identical for each clone, and can hence
be multiplied with n, + n; to obtain an equation
for the total number of non-Tg and leaky-Tg
B cells in the repertoire. This gives

dB de
yri n,+mn —2—§i B=n,+n,—dB(1 +0.5Bc/e),

()

where n, + n; is the total source from the bone
marrow. The last term reflects a conventional
combination of normal death with density-
dependent death. Note that whenever B> e¢/c the
density-dependent death dominates over the
normal death. For our parameter values this is
typically the case (see the appendix).

One can make a similar approximation for
the truly Tg clone by assuming that most of
the competition is within the truly Tg population.
Each ligand F; that is recognized by the truly
Tg B cells, By, is interacting with all of them,
ie.

. 1
7714 0.5B,
and hence
So = 0.5¢F, = ¢ 6)
O T4 By

where B, is the population size of the truly Tg
clone. This gives

dB, de
- M-—n,—n—~=B
dt fn = T 28, °

=M — n, —n;,— dBo(l + OSBo) (7)

Note that the truly Tg source of M —n, — i
B cells/day is identical to the source used above
of Py(1 — P.)M B cells/day.

Equations (5) and (7) form a two-dimensional
caricature model of the combined total non-Tg
and leaky-Tg population B, and the truly Tg
clone By,. The form of the two equations is
a source term, a linear death rate, and a non-
linear density-dependent death rate, which is
entirely due to intraspecific competition. By as-
sumption, this model has no inter-specific com-
petition between the truly Tg clone By and the
population B of non-Tg and leaky-Tg clones, i.e.
there is no interaction between the two popula-
tions. Since leaky-Tg and non-Tg B cells only
interact with a subset of all epitopes, i.e. because
c¢/e <1 1in eqn (5), such B cells have less intras-
pecific competition than the truly Tg B cells in
eqn (7). The truly Tg clone may nevertheless, be
maintained at high population numbers when its
source M —n, —n; is larger than the source
n, + n; of the non-Tg/leaky-Tg cells. Due to the
bone marrow source, there is no competitive ex-
clusion in this model. Ultimately, the two popula-
tions should approach a stable steady state.

Figure 3 shows that the behavior of the carica-
ture model is very similar to that of the full
model, and therefore also fits the data reasonably
well. Biologically, this means that one can ac-
count for the data by ignoring the competition
between the truly Tg B cells and the B cells from
the diverse non-Tg/leaky-Tg repertoire. This
model therefore provides the following novel in-
terpretation of the data. Since the truly Tg B cells
all compete for one subset of all epitopes they
face a stronger intraspecific competition than
non-Tg or leaky-Tg B cells do. That explains
their poor competitive ability and their shorter
lifetimes. Increasing the proportion of non-Tg
cells in the bone marrow decreases the source of
truly Tg B cells, which relaxes their intraspecific
competition for the survival signals recognized
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FI1G 3. A comparison of the caricature model (in panel a) that is based upon intraspecific competition only and the data for
the full model in panel (b). Panel (b) is identical to Fig. 1(c); for further details see the legend of Fig. 1. The total amounts of
non-Tg and Tg B cells in panel (a) have to be calculated from the variables B and By in the caricature model. We use the same
scaling as the full model by dividing the population size by the bone marrow output M. Further, the fraction n;/(n, + n,) of the
total population B corresponds to the leaky-Tg B cells. The remainder forms the non-Tg B cell population. Parameters as in

Fig. 1 but P = 0.1 throughout.

by truly Tg B cells. The truly Tg B cells therefore
have the longest lifetimes when there are few truly
Tg bone marrow precursors.

The fact that we can explain most of the data
without invoking the postulated diversity-based
competition between the non-Tg and the Tg rep-
ertoire of Freitas et al. (1995) and McLean et al.
(1997), obviously does not mean that this cannot
play any role. In fact, we now have a mechanistic
interpretation for “diversity-based competition”,
i.e. a diverse repertoire utilizes more different
resources and hence faces less intraspecific com-
petition.

A STRONG EXPERIMENTAL PREDICTION

How can we determine if the model is correct in
suggesting that most of the data can be explained
with intraspecific competition? The model makes
a strong prediction about the average lifetimes of
truly Tg cells as a function of the truly Tg bone
marrow precursors. The average truly Tg B cell
lifespan, as can be assessed by BrdU incorpora-
tion, should increase with the proportion of
non-Tg B cell precursors in the bone marrow.
Increasing the proportion of non-Tg B cell pre-

cursors reduces the number of truly Tg cells and
thus is expected to relax the intraspecific com-
petition amongst the truly Tg B cells. The same
experiment is, however, expected to intensify the
inter-specific competitive effects of non-Tg B cells
on truly Tg B cells. Thus, intraspecific and inter-
specific competition predict opposite effects on
the BrdU incorporation of truly Tg B cells. Using
RAG knock-out mice one could repeat the ex-
periments in the absence of leaky-Tg B cells, and
test the novel prediction on the truly Tg B cell
lifetimes.

Conclusions

The previous modeling study of these data
(McLean et al., 1997) found evidence for inter-
specific competition by parameter fitting. Why
are our results so different? Starting with a model
for individual clones, and the different ligands
they are competing for, we simplified this into
a model that had the form of a conventional
ecological model with density-dependent death
rates. One difference is that the previous model
(McLean et al.,, 1997) adopted a conventional
term for competitive growth, and that we arrived
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at—similarly conventional—terms for competi-
tive B cell survival. A second difference is that we
lumped the leaky-Tg B cell clones with the non-
Tg population, rather than with the truly Tg
clone (and consequently had to compute the total
of Tg B cells employing an unknown leakiness
probability P;). The main difference is, however,
that the parameter fitting procedure of McLean
et al. (1997) focused on estimating two inter-
specific competition parameters (i.e. the influence
of the non-Tg repertoire on the Tg repertoire,
and vice versa). By the structure of their model
the intraspecific competition was based upon
a shared parameter K representing the resources
both populations were competing for. Hence,
pure intraspecific competition was not a possible
outcome of their fitting procedure. Instead, we
arrived at the conclusion that most competition
is intraspecific by studying a model where the
form of the competition emerges from clonal in-
teractions for ligands providing survival signals.
We found, rather than assumed, that most of the
competition is intraspecific.

In retrospect, the interpretation of intraspecific
competition was to be expected because competi-
tion for antigens is a form of resource competi-
tion (McLean et al., 1997, Freitas & Rocha, 2000).
Due to the lack of niche-differentiation, the in-
traspecific competition should always be stronger
than the inter-specific competition between dif-
ferent species competing for resources. The novel
interpretation of intraspecific competition is
much simpler than the previous inter-specific in-
terpretation because it only involves increased
competition within the truly Tg clone when the
fraction of Tg precursors increases. We no longer
need to invoke a superior competitive ability of
a diverse repertoire. It seems essential therefore
to distinguish between these two forms of com-
petition in interpreting these data. The modeling
described in this paper prompted new experi-
ments that are currently being carried out to test
the novel interpretation.

In our model on the development of naive
B cell repertoires we have assumed that all the
competition for B cell survival signals is antigen
specific. Obviously, we cannot exclude that there
is additional competition for non-specific factors,
i.e. some form of global competition, regulating
total B cell numbers. Global competition can be

incorporated in our model by increasing every
matrix element K;; with a fixed parameter defin-
ing the global influence that clone j has on clone i.
Thus, the structure of the full model would re-
main the same. In the mean field model this
global influence will appear as an additional in-
ter-specific competition term. We therefore ex-
pect our results to be robust to allowing for some
form of non-specific competition.

Our main result is that these data can be
interpreted largely in terms of the intraspecific
competition within the truly Tg clone, and that
alterations of the fraction of Tg cells in the bone
marrow alter the intensity of the intraspecific
competition. We therefore predict that the aver-
age turnover rates in the truly Tg clone should be
positively correlated with the fraction of truly Tg
cells in the bone marrow, rather than negatively
correlated with the fraction of non-Tg bone mar-
row cells.
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APPENDIX

The form of the B cell population dynamics in the
mean field model is

dB

_ _ _ 2
aom dB — 0.5dyB~,

(A.1)

where m = n, + n; and y = c/e < 0 for the non-
Tg/leaky-Tg population, and m =M —n, — n
and y =1 for the truly Tg clone. The unique
positive steady state of this equation is at

(A.2)

B 1<./d2+2dmy_1>

Since /d* 4+ 2dym/d > 1, the steady state B is
indeed strictly positive. In our model the death
rate d in the absence of competition is small, i.e.,
d = 0.001/day. The d? term in eqn (A.2) is there-
fore vanishingly small. For m = 500 and the
non-Tg y = 0.1, eqn (A.2) yields B = 3152. For
the truly Tg y = 1 this yields B = 999. Scaling the
population sizes by the total source m = 500 this
corresponds to B = 6.3, and B = 2, respectively.
The former number can be found in Fig. 3(b) at
100% non-Tg cells.
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