Chapter 7: Complex numbers

Quadratic equation:
aX* + b +c=0,

with roots

b+ Vb —4 —b++vVD
A9 = \é e ; where D = b* — 4dac
’ a a

What if D < 07 Define:
i2=—-1 or equivalently 1= +v—1

Solve A2 = —3 by using i = —1: A2 =i x 3 or A2 = +iv/3
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So it D < 0 write:
—b+iv—D

2a

A2 =

Solve the equation A2 + 2\ + 10 = 0:

—2+/4—-4x10 —24+-36 —2+6i
9 N 9 9

Ao =

In other words, Ay = =1+ 3i and Ay = —1 — 3L

A complex number z is written as z = o 4+ 13, where « is called the
real part and i is called the imaginary part.

These two solutions are complex conjugates: z; = a 4+ 1b and 29 = a — ib

o4



Argand diagram: complex number as a vector:

imaginary axis

Zz=a+ib

| real axis

[
a

Addition of two complex numbers: adding their real parts, and add
their imaginary parts.

With z1 =3+ 101 and z9 = —5 + 4i:
21+ 29=3+101)+ (=5+41) =3 -5+ 10i +4i = —2+ 14i .
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Multiplication works like (a + bx)(c 4 dx):

21 X 29 = (34 101)(—5 + 4i)
— 3(—5) + 3 x 4i 4 10i(—5) + 10i4i
— 15+ 12i — 50i + 40i°
= —15 — 38i — 40
= —55 — 38i .

Note: (a +ib)(a — ib) = a® + b

If z = a+ib, its modulus |z| = Va? + b? (magnitude, length vector).

Hence 2z = |z|%. (Used for division).
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Mandelbrot set: z; = zz-z_l + 20, where z1 = zg = a+ bi is a point in

the Argand diagram.

Black points remain bounded, colored points keep growing. The
color indicates the number of iterations ¢ = 1,2, ..., n required to
reach a size of zj,.

Start with zg = 0.5: 0.5,0.5%2 4+ 0.5 = 0.75,0.75% 4+ 0.5, . ..
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Linear ODEs

do/dt =ax+by tr£VD (@ — X))z +by =0
dy/dt =cx+dy "™ "V 2 "V ex+(d— M)y =0
+iv—D
)\172:’51” 12 or Ao=azxif

where wp = (a_a) and Wy = (g)



Similarly

L b\ b L
vQ_k(a—)Q)_k(a—(Ck—iﬁ))_ka_I_lkw]

(General solution:

(58)) = Catu = )@ 1 Cofuy + il

where the constants k£ are absorbed into C'; and C».

FEuler’s formula:
iz . Cix .
e” =cosx +1sinx or e — CcOST — 1sInx

hence | |
ol HBN — 0t Bt — o0t (g Bt 1 isin Bt)
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From

(51)) = Catu — i)l ot + gl

we obtain
(%) = C1(wpk — iwp)e™ (cos ft + isin 51)
+ (i + iy )e (cos Bt — isin Bt)
+ Cy(wg + iwT)(cos ft — isin ft)] .

which dies out whenever a = tr/2 < 0.
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Initial condition where t = 0, e = 1, cos Bt = 1 and isin 8t = 0,
(ang(())g) = C1(wg —iwT) + Co(wp + 1w7T)
= wr(C1+ Co) +iwyp(Cy — Cp), o
2(0) = =b(C1+C2) and y(0) = (a — )(C1 + C2) +15(Cy — C)

from which we solve the complex pair C'; and C5.

Note that C7 4+ (U9 should be real, whereas Cy — (7 should be an
imaginary number.
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dN/dt

1 0.05

Lotka-Volterra model

(2 (b) 005 ©

Ot ] j: 071  — =
Y

1 , -0.05 : -0.05 ‘
0 10 20

hRa hN

QﬁzaR—békwﬂN; ANV _ RN —eN
dt dt

Witha=b=c=d=1,e=0.5,R=0.5and N = 0.5,
and hR = (0.05 and hN =0
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be ce > >
—= —= —bR —cR
J = (dadeb Od> - (dN 0 ) .
C

Fora=b=c=d=1ande=0.5 R=0.5and N =0.5, and

—0.5 —0.5 .
J = ( 05 0 ) with D = —0.75

implying that

tr =1/ —D —0.5 +£1v0.75

A9 = or A9 = = —0.20x£10.43 .

Hence o = —0.25 and 8 = 0.43, the nontrivial state is stable, has a
return time of —1/a = 4, and a wave length proportional to 1/8.



L 0.5 R 0.5
=\ 0925 —i043) ¢ 27\ 025 +i043)

() = V2[00 (cos 0.43t + 1sin 0.43t) 4 Covi(cos 0.43t — isin 0.43¢)]

2(t) = e UL 0.5[(C) + Cy) cos 0.43t + (C] — Cy)isin 0.43¢]
y(t) = ...

Using the initial condition, where ¢t = 0, e 720 = 1. ¢0s0.43t = 1,
and sin 0.43t = 0, the linearized solution x(t) simplifies into

z(0) =0.05 =0.5(Cy +Cy) ,and hence Cy+Cy=0.1.
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y(t) simplifies into
0 =10.43(Cy — O) — 0.25(Cy + C) < Cy— Oy = —i0.058 .
We find that C; = 0.05 +10.029 and Cy = 0.05 — 10.029.
Substituting these constants into x(t) gives

2(t) = e V%%0.5[0.1 cos 0.43¢ + 1°0.058 sin 0.43¢]
= ¢ 210,05 cos 0.43t — 0.029 sin 0.43¢]

and in y(t)
y(t) = ¢ V210,058 sin 0.43t,

Both are perfectly real.

65



@ ﬁ
2 S e
= (i () 7
=
- .
D) 2
D)
- b
2 S o
=) =)
ZQ AEQ [
@ 1
z s

/NP

20

10

20

10

0.5

66



