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DNA makes RNA makes protein
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MRNA formation occurs in bursts
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Mathematical model: mMRNA & protein
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Now with negative feedback on transcription
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Quasi steady state assumption

dM B C dP

— = dM d — =I[M—-0P
dt 1+ P/h AT
Suppose turnover of protein much faster than that of mRNA
dP [
— =M —-—0P =0 or P=-M
dt 0
Substituting this into dM/dt gives:
dM C ®
dt 1+ (1/0)M/h 1+ M/R

with h’= ho/



Cross linking of receptors activates cells
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Bivalent ligand binding a monovalent receptor

C: free ligand (C > NR7),/

d/N 20 2 R:free receptors, /
—— = bHN dN Rr: total receptors, }
dt RT Ci: single bound ligand,

C2: double bound ligand: f)
Rr=R + C, + 2C;

How does C,, and hence the
growth rate, depend on C?
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Ry = R‘l‘Cl—'_ZCQ,

dC

d—tl = 2knRC — kogCi — 2n ROy + 22,505
dC

dt2 = TonRCT — 22,505 .

To study the steady state we set dCs/dt = 0 and add this to dC /dt:

d—C& — O — QkonRO— koﬁcl — QKRC_ Cl )

dt f

\E
where K = ko, /kog and R = Ry — C} — 2C5. / C

Solving this gives
_~  2CK(Ryp —2C5) R
' 14+20K



2CK (R — 2C5) dC,
1+2CK ’ At

= 2onRCT — 22.6C5 .

1:

which can be substituted into dC5/dt = 0 to solve (5 as a function of C:

__ 1+4CK +4C*K?* + ACKRr X — (1 +2CK)\/(1+ 2CK)? + 8CK Rp X

C2 = SCKX

where X = xon/Tog. 0.3

Thus, the number of
crosslinks is a bell-
shaped function of the
ligand concentration C.

C2

Cells grow best at
intermediate ligand

concentrations

AN 20,
— = bN=2 _ 4N
dt Ry
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Lac operon, Jacob & Monod (1961)

lac operon
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? phenomenological
o mathematical model
O h’ 1
o = -3 A5 A /B
K2 ho + 1+ (A/h)
0

h |
allolactose: A

Repressor is modeled as a declining sigmoid Hill function.
We will even scale the allolactose concentration such that h=|I



Complete mathematical model

R: repressor, M: messenger & A: allolactose:

B 1 R=0: operon “on”
R = 1+ An R=1: operon “off”
dM cA"
— = l—-R)—dM = | dM .
¥ co + ¢( ) 0+ 1 an
A
(ji—t = ML —-0A—uvMA,

Co: basal transcription rate,
Cotc: transcription rate when operon is “on”,
d and O are decay rates of mRNA and allolactose,
ML is the permease mediated influx
-vMA term: B-galactosidase hydrolizes allolactose.




Nullclines cotel k
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A'=0:
N — 0A =

L —0A J
Origin: M = (0/L)A CFO

A
M’=0:
co (c/d)A"

M = 7 | 1+ An sigmoid Hill function



Quasi steady state dM/dt = 0

T
% = ML —-0A—uvMA
dit
with
¢, (¢/d)A"
M = d * 1+ An

oo

Z / maxX

For one concentration of L three concentrations of A



Observed bi-stability in E. coli
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Green: E. coli with high expression of lac operon
From: Ozbudak et al. Nature, 2004 (see the reader)



Bi-stability in growth of E. coli

sub-MIC

MIC
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bi-stability in algal densities in lakes
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Flickering gives early warning signals of a critical
transition to a eutrophic lake state
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Initiation and termination of epileptic seizures
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Human seizures self-terminate across spatial scales

via a critical transition PNAS: 2012

Mark A. Kramer®', Wilson Truccolo®“®%, Uri T. Eden®, Kyle Q. Lepage?, Leigh R. Hochberg“®**9, Emad N. Eskandar™",
Joseph R. Madsen', Jong W. Lee*, Atul Maheshwari®?, Eric Halgren!, Catherine J. Chu%f, and Sydney S. Cash®f



Initiation and termination of depression
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Critical slowing down as early warning for the onset
and termination of depression

Ingrid A. van de Leemput®'2, Marieke Wichers®™', Angélique O. J. Cramer®, Denny Borsboom¢, Francis Tuerlinckx¢, )
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Marten Scheffer*, Steve Carpentert, Jonathan A. Foley+, Carl Folkes & Brian Walker||

* Department of Aquatic Ecology and Water Quality Management, Wageningen University, PO Box 8080, NL-6700 DD Wageningen, The Netherlands

T Center for Limnology, University of Wisconsin, 680 North Park Street, Madison, Wisconsin 53706, USA

t Center for Sustainability and the Global Environment (SAGE), Institute for Environmental Studies, University of Wisconsin, 1225 West Dayton Street, Madison,
Wisconsin 53706, USA

§ Department of Systems Ecology and Centre for Research on Natural Resources and the Environment (CNM), Stockholm University, S-10691 Stockholm, Sweden
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All ecosystems are exposed to gradual changes in climate, nutrient loading, habitat fragmentation or biotic exploitation. Nature is
usually assumed to respond to gradual change in a smooth way. However, studies on lakes, coral reefs, oceans, forests and arid
lands have shown that smooth change can be interrupted by sudden drastic switches to a contrasting state. Although diverse
events can trigger such shifts, recent studies show that a loss of resilience usually paves the way for a switch to an alternative
state. This suggests that strategies for sustainable management of such ecosystems should focus on maintaining resilience.
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