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Question 6.5 on immune responses

6.4 Exercises 45

the large variations in the viral set points between HIV-1 infected patients have to be due to
di�erences in the immune reactivity parameter � (Nowak & Bangham, 1996). Study whether
these two interpretations are consistent by analyzing the following model

dI

dt
= ⇥V � ⇤II � �kEI ,

dV

dt
= pI � ⇤V V ,

dE

dt
= �EI � ⇤EE ,

where we have omitted the target cells for simplicity.
a. Remove the fastest time scale by a quasi steady state assumption.
b. Sketch the nullclines of the simplified model.
c. Write expressions for the non-trivial steady state of the model.
d. Assume that patients di�er in the immune reactivity parameter �, what kind of correlation
do you expect between the viral load V and the immune response E?�

Question 6.5. Competitive exclusion
Reconsider the full model Eq. (6.4) and let there now be two immune responses to the infected
cells, i.e.,

dT

dt
= ⌅ � ⇤T T � ⇥TI ,

dI

dt
= ⇥TI � ⇤II � k1IE1 � k2IE2 , (6.7)

dE1

dt
= �1E1I � ⇤EE1 and

dE2

dt
= �2E2I � ⇤EE2 . (6.8)

For the sake of the argument let E1 be the clone with the highest binding a⇤nity of this antigen,
i.e., let �1 > �2.
a. From which equation would you solve the steady state of E1?
b. What is the steady state solved from dE1/dt?
c. What is the steady state solved from dE2/dt?
d. Can both be true when �1 > �2?
e. Substitute your answer of b. into dE2/dt, and simplify. What do you expect for the second
immune response when the first is at steady state?
f. What would happen in this system if the virus escapes from the dominant immune response?
Consider the case where the virus mutates such that it is no longer recognized by the first immune
response, i.e., let �1 = 0.

This exercise illustrates a concept from ecology called “competitive exclusion” (see Chapter
7): two immune responses cannot co-exist on the same resource (antigen). Since one can have
several co-existing immune responses to several epitopes of the same virus during chronic immune
reactions, one would have to argue that there is intra-specific competition in the immune system
(De Boer et al., 2001).

dE./dt gives: I=δE/α1 and I=δE/α2.
E1 and E2 have to be solved from dI/dt=0.

Substitute I=δE/α1 into dE2/dt:

dE2

dt
= ⇥EE2 (�2/�1 � 1) < 0



Simplest mathematical model

Resource (e.g., amount of nitrogen available): 

Two consumers 

With a fitness of 

R = 1�N1 �N2

R01 = b1/d1 and R02 = b2/d2

dN1

dt
= N1(b1R� d1) and

dN2

dt
= N2(b2R� d2)



NullclinesNullclines

Substitution of R = 1�N1 �N2 into

dN1

dt
= N1(b1R� d1)

yields

dN1

dt
= N1 (b1(1�N1 �N2)� d1)

which has nullclines N1 = 0 and

N2 = 1�
1

R01

�N1
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Nullclines

Nullclines (2)

Similarly the dN2/dt = 0 nullcline is found to be

N2 = 1�
1

R02

�N1

Thus, plotting N2 as a function of N1 the two nullclines run
parallel with slope �1.
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Nullclines (3)

N1

N2

N1

N
2

1� 1
R0

1� 1
R0

The fact that the nullclines are parallel means that there is
no steady state in which the two populations coexist.
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Paradox of the plankton, 
bacteria in the gut, ...

How can so many species co-exist?
co-existence not an equilibrium?

Space is not homogeneous?
Species are so similar that exclusion is slow?
Species are largely controlled by parasites?


