
Theoretical Biology 2016

Chapter 1
Introduction

Rob de Boer, Theoretical Biology UU



What will you learn in the modeling 
part of the course?

Read mathematical models and interpret them 
Analyze model to increase intuition about a biological system 

Be an informed reader of modeling papers 
Use a computer to simulate models 

A new approach to think about complex biological systems 

Mathematics is no more, but no less, than a way of thinking clearly 
(Robert M May, Science 2004)

Systems biology...is about putting together rather than taking apart, 
integration rather than reduction (Denis Noble, 2006)



Why would we use models?
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Het moerassige na-
tuurgebied de Oost-
va a r d e r s p l a s s e n
(OVP) in Zuidelijk
Flevoland, ruwweg

tussen Almere en Lelystad, kreeg
vorm toen enige tijd na het droogval-
len van de polder besloten werd een
groot gebied te creëren waar ganzen
voortaan de rui konden doorbrengen.
Grote herbivoren zouden moeten ver-
hinderen dat het gebied met wilgen
en ander struikgewas dichtgroeide.
In 1983 werd een kleine groep
Heckrunderen binnen het omheinde
terrein gebracht, in 1984 volgden ko-
nikpaardjes en in 1992 edelherten.

Het project, dat onder leiding stond
en staat van de bioloog Frans Vera,
was een groot succes. De ‘grote gra-
zers’ deden wat ze doen moesten. Ze
hielden het moerasgebied open en er
kwamen de ganzen waarop gehoopt
was. Ook vestigden zich ongekende
aantallen bijzondere moerasvogels.
De drie populaties herbivoren groei-
den voorspoedig, in het begin zelfs
‘exponentieel’, zoals te verwachten is
bij herbivoren op zoveel begraasbaar
gebied. Na het jaar 2000 vlakte de
groei wat af. In maart 2005 ontstond
maatschappelijke verontwaardiging
toen bleek dat veel grazers de winter-
kou niet doorstonden. Het publiek
had veel dode dieren zien liggen. Er
kwam een debat over de wenselijk-
heid van bijvoeren en er werd een
commissie ingesteld die over het be-
heer moest adviseren. In 2006 deed
die de aanbeveling de dieren meer be-
schutting te bieden en voortaan af te
schieten vóór ze door voedselgebrek
een natuurlijke dood zouden sterven.

C A M PA G N E S In de strenge winter van
2009/2010 stierven opnieuw veel die-
ren en nu werden felle campagnes ge-
voerd om aan het ‘experiment’ OVP
een eind te maken. In Nederland was
geen plaats voor ‘oernatuur’, vond
men, en in ieder geval ging het niet
aan om werkeloos toe te zien hoe run-

deren en paarden verkommerden en
al voor hun dood werden aangevreten
door vossen. Algemeen was het oor-
deel dat het natuurgebied overvol
was geworden. In ad hoc beleid wer-
den dieren afgemaakt die kennelijk
stervende waren. Dat heet ‘laat reac-
tief afschieten’. Weer werd een com-
missie ingesteld (ICMO2) en die bracht
een paar weken geleden verslag uit.
Een analyse die de commissie in de
appendix uitwerkt komt tot de con-
clusie dat veel van de meningsver-
schillen over de OVP zijn te herleiden
tot verschillen van inzicht over de
vraag hoeveel dieren het terrein eige-
lijk maximaal aan kan, wat de carrying

capacity (draagkracht) is. Daarvoor be-
staan heel verschillende definities.
In de eerste plaats is er de populatie-
gebaseerde draagkracht die aangeeft
hoeveel dieren zich maximaal staan-
de kunnen houden op het voedsel dat
de OVP produceren. Dat is in feite het
aantal dat er nu rondloopt want uit
verschillende berekeningen blijkt dat
de drie diergroepen samen ongeveer

hun maximale dichtheid hebben be-
reikt. Er lopen nu bijna 3.400 dieren,
op zo’n 2.000 hectare begraasbaar op-
pervlak is dat ongeveer 1,7 dier per
hectare. Dat gaat vér voorbij de agra-
rische normen die sommigen wensen
op te leggen. Voor onbemest grasland
is dat: 0,5 grootvee-eenheid per ha.
Maar, zegt Vera, dit ìs geen vee met
een gemaximaliseerde melkproduc-
tie. Het is hier echt niet voller dan op
de Serengeti.

COMPETITIE De populatie Heckrun-
deren loopt sinds 2005 in omvang te-
rug, zoals de linkergrafiek laat zien.
Het lijkt erop, zegt hoogleraar ecolo-
gie Han Olff (lid van de commissie)
dat ze de competitie met konikpaar-
den en edelherten verliezen en mis-
schien wel helemaal zullen worden
verdrongen. Frans Vera weet het nog
zo net niet; de populatie Heckrunde-

Niet voller dan op de Serengeti

ren kan met ‘undershoot’ en ‘overshoot’
ook gaan fluctueren rond de draag-
k r a ch t wa a r d e .
Voor alle drie soorten geldt dat de
procentuele aanwas in de lente in de
loop van de jaren steeds kleiner is ge-
worden terwijl de procentuele win-
tersterfte steeds groter werd. Zowel
aanwas als sterfte blijkt namelijk af-
hankelijk van de omvang van de po-
pulatie. Dat is wat de rechter grafiek
voor Heckrunderen toont. Bij hoge
dichtheden speelt de beschikbaar-
heid van voedsel natuurlijk een rol.
Gegeven de aanwezigheid van vele
konikpaarden en edelherten, heeft de
OVP draagkracht heeft voor ongeveer
350 Heckrunderen. Als de populatie
precies deze dichtheid heeft bereikt
en aanwas en sterfte elkaar in even-
wicht houden, treedt jaarlijks aan het
eind van de winter een sterfte op van
ongeveer 25 procent.

W O LV E N Dat herbivorenpopulaties in
een leefgemeenschap zich handhaven
rond hun ‘carrying capacity’ is in de
natuur heel normaal, zegt Olff. In de
OVP ontbreken roofdieren zoals wol-
ven en lynxen, maar die zouden daar
waarschijnlijk niet zo heel veel aan
veranderen. Roofdieren beïnvloeden
vaak meer het gedrag dan de dicht-
heid van populaties. De rendierpopu-
latie op Spitsbergen, die ook vrij van
predatoren leeft, vertoont regelmatig
een sterfte van 50 procent (Ecography,
2001). Vera verwijst nog naar een arti-
kel in Conservation Biology (juni 1994)
waarin geconstateerd werd dat die- offs

van 70 tot 90 procent onder zoogdie-

ren verre van zeldzaam zijn.
Dat aan het eind van de winter in de
OVP vaak zo’n 25 procent van de die-
ren gestorven blijkt, is dus niets bij-
zonders. Toch kunnen er redenen zijn
om het zover niet te laten komen,
schrijft de commissie. Je kunt als be-
heerder de draagkracht ook laten af-
hangen van het type ecosysteem dat je
nastreeft. Mag er bos komen of juist
niet, moet het een afwisseling van bos
en grasland zijn, of alleen maar gras-
land. Dat bepaalt het beheer. Ten slot-
te is er nog de draagkracht die wordt
bepaald door de stemming in de
maatschappij, door de vraag wat het
publiek aanvaardbaar vindt – in feite
een ethisch probleem. Alle soorten
draagkracht zijn verdedigbaar, zegt
de commissie, als je maar zegt welke
draagkracht je hanteert. Voorlopig is
gekozen voor behoud van het ecosys-
teem..

How much does the shooting of 
animals reduce their death by 

starvation?
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The life span of memory lymphocytes

After 9 weeks about 30% of the cells is labelled. 
What is now their expected life span? 
How frequently do these cells divide?
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Exponential growth: differential equation
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Exponential growth of Elephants

From: Campbell & Reece

This seems the solution of

dN

dt
= rN i.e. N(t) = N(0)ert

9



r is the natural rate of increase
K is the carrying capacity

Logistic growth: differential equation
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Logistic growth

Mathematically, one can rewrite both models as the classical
“logistic equation”:

dN

dt
= rN(1�N/K) , or N(t) =

KN(0)

N(0) + e�rt(K �N(0))

Here r = b� d is the natural rate of increase,
and K is the carrying capacity.

22



DNA makes RNA makes protein

From: Golding et al: Cell 2005.

dM

dt
= c� dM and

dP

dt
= lM � �P

61

Modeling molecular & cellular systems



What will you learn today?

Why do we use ODEs (dx/dt) and not a solution (x(t))?

What is an ODE?

Compute steady state, half life, doubling time.

Expected life span and fitness (R0).



An equation for red blood cells
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An equation for red blood cells
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The simplest possible model

Money in your bank account, pesticide in your body.

Now, if you spend a certain fraction d per day:

Chapter 1

Introduction

This course is an introduction into Theoretical Biology for biology students. We will teach
you how to read mathematical models, and how to analyze them, with the ultimate aim that
you can critically judge the assumptions and the contributions of such models whenever you
encounter them in your future biological research. Mathematical models are used in all areas of
biology. Most models in this course are formulated in ordinary di�erential equations (ODEs).
These will be analyzed by computing steady states, and by sketching nullclines. We will develop
the di�erential equations by ourselves following a simple graphical procedure, depicting each
biological process seperately. Experience with an approach for writing models will help you to
evaluate models proposed by others.

This first Chapter introduces some basic concepts underlying modeling with di�erential equa-
tions. To keep models general they typically have free parameters, i.e., parameters are letters
instead of numbers. You will become familiar with the notion of a “solution”, “steady state”,
“half life”, and the “expected life span”. Concepts like solution and steady state are important
because a di�erential equation describes the change of the population size, rather than its ac-
tual size. We will start with utterly simple models that are only convenient to introduce these
concepts. The later models in the course are much more challenging and more interesting.

1.1 The simplest possible model

A truly simple mathematical model is the following

dM

dt
= k , (1.1)

which says that the variable M increases at a rate k per time unit. For instance, this could
describe the amount of pesticides in your body when you eat the same amount of fruit sprayed
with pesticides every day. Another example is to say that M is the amount of money in your
bank account, and that k is the amount of Euros that are deposited in this account on a daily
basis. In the latter case the “dimension” of the parameter k is “Euros per day”. The ODE
formalism assumes that the changes in your bank account are continuous. Although this is
evidently wrong, because money is typically deposited on a monthly basis, this makes little
di�erence when one considers time scales longer than one month.

2 Introduction

This equation is so simple that one can derive its solution

M(t) = M(0) + kt , (1.2)

where M(0) is the initial value (e.g., the amount of money that was deposited when the account
was opened). Plotting M(t) in time therefore gives a straight line with slope k intersecting the
vertical axis at M(0). The slope of this line is k, which is the derivative defined by Eq. (1.1).
Thus, the di�erential equation Eq. (1.1) gives the “rate of change” and the solution of Eq. (1.2)
gives the “population size at time t”. Typically, di�erential equations are too complicated for
solving them explicitly, and the solution is not available. In this course we will not consider the
integration methods required for obtaining those solutions. However, having a solution, one can
easily check it by taking the derivative with respect to time. For example, the derivative of Eq.
(1.2) with respect to time is ⌅t[M(0) + kt] = k, which is indeed the right hand side of Eq. (1.1).
Summarizing, the solution in Eq. (1.2) gives the amount of money at time t, and Eq. (1.1) gives
the daily rate of change.

As yet, the model assumes that you spend no money from the account. Suppose now that
you on average spend s Euros per day. The model then becomes dM/dt = k � s = k⇥, where
k⇥ = k � s Euros per day. Mathematically this remains the same as Eq. (1.1), and one obtains
exactly the same results as above by just replacing k with k⇥. If k⇥ < 0, i.e., if you spend more
than you receive, the bank account will decrease and ultimately become negative. The time
to bankruptcy can be solved from the solution of Eq. (1.2): from 0 = M(0) + k⇥t one obtains
t = �M(0)/k⇥ provided k⇥ < 0. Although our model has free parameters, i.e., although we do
not know the value of k, it is perfectly possible to do these calculations.

This all becomes a little less trivial when one makes the more realistic assumption that your
spending is proportional to the amount of money you have. Suppose that you spend a fixed
percentage, d, of your money per day. The model now becomes

dM

dt
= k � dM , (1.3)

where the parameter d is a “rate” and here has the dimension “per day”. This can be checked
from the whole term dM , which should have the same dimension as k, i.e., “Euros per day”.
Biological examples of Eq. (1.3) are red blood cells produced by bone marrow, shrimps being
washed onto a beach, daily intake of vitamins, and so on. The k parameter then defines the
inflow, or production, and the d parameter the death rate. Although this seems a very simple
extension of Eq. (1.1), it is much more di⌅cult to obtain the solution

M(t) =
k

d

�
1� e�dt

⇥
+ M(0)e�dt , (1.4)

which is depicted in Fig. 1.1a. The term on the right gives the exponential loss of the initial
value of the bank account. The term on the left is more complicated, but when evaluated at
long time scales, e.g., for t ⇥ ⇤, the term (1 � e�dt) will approach one, and one obtains the
“steady state” M̄ = k/d. We conclude that the solution of Eq. (1.4) ultimately approaches the
steady state M = k/d, which is the ratio of your daily income and daily spending. Note that
this is true for any value of the initial condition M(0).

Fortunately, we do not always need a solution to understand the behavior of a model. The same
steady state can also directly be obtained from the di�erential equation. Since a steady state
means that the rate of change of the population is zero we set

dM

dt
= k � dM = 0 to obtain M̄ =

k

d
, (1.5)
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Solution:



Steady state or equilibrium
Setting
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washed onto a beach, daily intake of vitamins, and so on. The k parameter then defines the
inflow, or production, and the d parameter the death rate. Although this seems a very simple
extension of Eq. (1.1), it is much more di⌅cult to obtain the solution

M(t) =
k

d

�
1� e�dt

⇥
+ M(0)e�dt , (1.4)

which is depicted in Fig. 1.1a. The term on the right gives the exponential loss of the initial
value of the bank account. The term on the left is more complicated, but when evaluated at
long time scales, e.g., for t ⇥ ⇤, the term (1 � e�dt) will approach one, and one obtains the
“steady state” M̄ = k/d. We conclude that the solution of Eq. (1.4) ultimately approaches the
steady state M = k/d, which is the ratio of your daily income and daily spending. Note that
this is true for any value of the initial condition M(0).

Fortunately, we do not always need a solution to understand the behavior of a model. The same
steady state can also directly be obtained from the di�erential equation. Since a steady state
means that the rate of change of the population is zero we set

dM

dt
= k � dM = 0 to obtain M̄ =

k

d
, (1.5)
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2 Introduction

This equation is so simple that one can derive its solution

M(t) = M(0) + kt , (1.2)

where M(0) is the initial value (e.g., the amount of money that was deposited when the account
was opened). Plotting M(t) in time therefore gives a straight line with slope k intersecting the
vertical axis at M(0). The slope of this line is k, which is the derivative defined by Eq. (1.1).
Thus, the di�erential equation Eq. (1.1) gives the “rate of change” and the solution of Eq. (1.2)
gives the “population size at time t”. Typically, di�erential equations are too complicated for
solving them explicitly, and the solution is not available. In this course we will not consider the
integration methods required for obtaining those solutions. However, having a solution, one can
easily check it by taking the derivative with respect to time. For example, the derivative of Eq.
(1.2) with respect to time is ⌅t[M(0) + kt] = k, which is indeed the right hand side of Eq. (1.1).
Summarizing, the solution in Eq. (1.2) gives the amount of money at time t, and Eq. (1.1) gives
the daily rate of change.

As yet, the model assumes that you spend no money from the account. Suppose now that
you on average spend s Euros per day. The model then becomes dM/dt = k � s = k⇥, where
k⇥ = k � s Euros per day. Mathematically this remains the same as Eq. (1.1), and one obtains
exactly the same results as above by just replacing k with k⇥. If k⇥ < 0, i.e., if you spend more
than you receive, the bank account will decrease and ultimately become negative. The time
to bankruptcy can be solved from the solution of Eq. (1.2): from 0 = M(0) + k⇥t one obtains
t = �M(0)/k⇥ provided k⇥ < 0. Although our model has free parameters, i.e., although we do
not know the value of k, it is perfectly possible to do these calculations.

This all becomes a little less trivial when one makes the more realistic assumption that your
spending is proportional to the amount of money you have. Suppose that you spend a fixed
percentage, d, of your money per day. The model now becomes

dM

dt
= k � dM , (1.3)

where the parameter d is a “rate” and here has the dimension “per day”. This can be checked
from the whole term dM , which should have the same dimension as k, i.e., “Euros per day”.
Biological examples of Eq. (1.3) are red blood cells produced by bone marrow, shrimps being
washed onto a beach, daily intake of vitamins, and so on. The k parameter then defines the
inflow, or production, and the d parameter the death rate. Although this seems a very simple
extension of Eq. (1.1), it is much more di⌅cult to obtain the solution

M(t) =
k

d

�
1� e�dt

⇥
+ M(0)e�dt , (1.4)

which is depicted in Fig. 1.1a. The term on the right gives the exponential loss of the initial
value of the bank account. The term on the left is more complicated, but when evaluated at
long time scales, e.g., for t ⇥ ⇤, the term (1 � e�dt) will approach one, and one obtains the
“steady state” M̄ = k/d. We conclude that the solution of Eq. (1.4) ultimately approaches the
steady state M = k/d, which is the ratio of your daily income and daily spending. Note that
this is true for any value of the initial condition M(0).

Fortunately, we do not always need a solution to understand the behavior of a model. The same
steady state can also directly be obtained from the di�erential equation. Since a steady state
means that the rate of change of the population is zero we set

dM

dt
= k � dM = 0 to obtain M̄ =

k

d
, (1.5)

which is the amount of money that is ultimately expected 
to be in your account
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M(t) =
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of
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dt
= k � dM

approaches

M̄ =
k
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The first term goes to k/d and
second is an exponential loss
term.
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Red blood cells

Source death systems

dN

dt
= m� dN

m production of millions of cells per day, d death rate: ex-
pected life span of 1/d = 120 days

6

Dimensions: N number of cells/ml
m = thousands of cells/day, 
d is the death rate per day

Hence 1/d = 120 days is the expected life span



Dissolved phosphorous in a lake

Dimensions:

P moles/liter, 
i moles per year,

e per year, 
1/e year.s

Source death systems

Copyright © Pearson Education, Inc., publishing as Benjamin Cummings.

Rain

Weathering of
phosphate
from rocks

Runoff

Leaching

Phosphate in solution

Geologic uplifting

Chemical
precipitation

Detritus
settling to
bottom

Sedimentation = new
rocks

Plants

Animals

Decomposers

Phosphate
in soil

dP

dt
= i� eP

i inflow of phosphate (moles per liter per year), e e⇥ux rate
(per year): expected residence time of 1/e year
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My friend grows 1 kg per year of marriage

Suppose he was 50kg when he married at age 20.

1. What is the right ODE?
2. What is the solution?
3. What is his weight at age 30?
4. What is his weight at age 50?



My friend grows 1 kg per year of marriage

Suppose he was 50kg when he married at age 20.

1. What is the right ODE?
2. What is the solution?
3. What is his weight at age 30?
4. What is his weight at age 50?

1. dM/dt = 1
2. M(t) = 50 + t
3. M(10) = 50 + 10 = 60 kg
4. M(30) = 50 + 30 = 80 kg



Now replication: exponential growth
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Exponential Growth of the Human Population

From: Campbell & Reece

This seems the solution of
dN

dt
= rN i.e. N(t) = N(0)ert

11

Dimensions: r rate of increase/year, N individuals



Exponential growth

Exponential Growth of the Human Population

From: Campbell & Reece

This seems the solution of
dN

dt
= rN i.e. N(t) = N(0)ert
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Figure 1.1: Population growth. Panel (a) depicts the solution of Eq. (1.4). Panels (b) and (c) depict
exponential growth on a linear and a logarithmic vertical axis, respectively. A di�erential equation
describes the slope of the solution for each value of the variable(s): dN/dt is the slope of the N(t) =
N(0)ert curve for each value of N(t).

1.3 Summary

An ordinary di�erential equation (ODE) describes the rate of change of a population. The
actual population size is given by the solution of the ODE, which is generally not available. To
find the population size one can compute the steady state(s) of the model (the ODE), and/or
solve the ODEs numerically on a computer, which gives the model behavior. Steady states
are derived by setting the rate of change to zero, and solving for the actual population size.
Doubling times and half-lives are solved from the solution of the exponential growth (or decay)
equation N(t) = N(0)ert.

1.4 Exercises

Question 1.1. Red blood cells
Red blood cells are produced in the bone marrow at a rate of m cells per day. They have a
density independent death rate of d per day.
a. Which di�erential equation from this Chapter would be a correct model for the population

dynamics of red blood cells?
b. Suppose you donate blood. Sketch your red blood cell count predicted by this model in a

time plot.
c. Suppose a sportsman increases his red blood cell count by receiving blood. Sketch a time

plot of his red blood cell count.

Question 1.2. Pesticides on apples
During their growth season apples are frequently sprayed with pesticides to prevent damage by
insects. By eating apples you accumulate these pesticides in your body. An important factor
determining the concentration of pesticides is their half life in the human body. An appropriate
mathematical model is

dP

dt
= ⇥ � �P ,

N(0)

N(0)

slope: r



Doubling time and half lifeDoubling time and Half life

Look for N(t) = 2N(0), i.e.,

dN

dt

= rN with solution N(t) = N(0)ert

2N(0) = N(0)ert or ln 2 = rt or t =
ln2

r

Look for N(t) = 1
2N(0), i.e.,

dN

dt

= �dN with solution N(t) = N(0)e�dt

1

2
N(0) = N(0)e�dt or ln 1� ln 2 = �dt or t =

ln2

d
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R0: fitness

Chapter 2

Population growth: replication

Populations change by migration, birth and death processes. In Chapter 1 we saw that one can
write simple di�erential equations for populations that maintain themselves by immigration, and
by replication (i.e., birth). We will here study similar models explicitly from the notion of the
biological birth and death processes, and will develop functions to describe how these processes
may depend on the population size. Rather than taking well-known equations for granted, we
will introduce an approach for “how to develop a mathematical model”. We will stress that
there are always many di�erent models for each particular situation. Models will be analyzed by
computing steady states, and by sketching nullclines. It is important to realize that all models
introduced here require a number of “unrealistic assumptions”: (1) all individuals are equal,
(2) the population is well-mixed, (3) the population size N is large, and (4) the parameters are
constants.

2.1 Birth and death

In the previous Chapter we introduced the equation dN/dt = rN for a population growing
exponentially with a natural rate of increase r. This natural rate of increase is obviously a
composite of birth and death rates. A more natural model for a biological population that
grows exponentially is

dN

dt
= (b� d)N with solution N(t) = N(0)e(b�d)t , (2.1)

where b is a birth rate with dimension t�1, and d is the death rate with the same dimension.
Writing the model with explicit birth and death rates has the advantage that the parameters of
the model are strictly positive (which will be true for all parameters in this course). Moreover,
one now knows that the “generation time” or “expected life span” is 1/d time units. Since every
individual has a birth rate of b new individuals per unit of time, and has an expected life span
of 1/d time units, the expected number of o�spring of an individual over its entire life-span is
R0 = b/d. We will use this R0 as the maximum “fitness” of an individual, i.e., the life-time
number of o�spring expected under the best possible circumstances. In epidemiology the R0 is
used for predicting the spread of an infectious disease: whenever R0 < 1 a disease will not be
able to spread in a population because a single infected host is expected to be replaced by less
than one newly infected host.

Consider a time scale of years:
b is a birth rate (expected number of offspring per year),

d is a death rate (expected chance to die per year),
 1/d is the expected life span in years.

As each individual is expected to produce
b offspring each year of its total generation time of 1/d years, 

the total fitness amounts to

R0=b/d



My friend grows 1 kg per year of marriage

Suppose he was 50kg when he married at age 20.

1. What is the right ODE?
2. What is the solution?
3. What is his weight at age 30?
4. What is his weight at age 50?

1. dM/dt = 1
2. M(t) = 50 + t
3. M(10) = 50 + 10 = 60 kg
4. M(30) = 50 + 30 = 80 kg

Next suppose he is wrong because he actually grows 2% per year
(which is close to 1 kg per year in the first years of his marriage)

1. What is the right ODE?
2. What is the solution?
3. What is his weight at age 30?
4. What is his weight at age 50?



My friend grows 1 kg per year of marriage

Suppose he was 50kg when he married at age 20.

1. What is the right ODE?
2. What is the solution?
3. What is his weight at age 30?
4. What is his weight at age 50?

1. dM/dt = 1
2. M(t) = 50 + t
3. M(10) = 50 + 10 = 60 kg
4. M(30) = 50 + 30 = 80 kg

Next suppose he is wrong because he actually grows 2% per year
(which is close to 1 kg per year in the first years of his marriage)

1. What is the right ODE?
2. What is the solution?
3. What is his weight at age 30?
4. What is his weight at age 50?

1. dM/dt = 0.02M
2. M(t) = 50e0.02t

3. M(10) = 50e0.2 = 61 kg
4. M(30) = 50e0.6 = 91 kg



Bacteria in blood controlled by neutrophils

1.4 Exercises 7

Question 1.6. Bacterial growth
Every time you brush your teeth, bacteria enter your blood circulation. Since this a nutritious
environment for them they immediately start to grow exponentially. Fortunately, we have
neutrophils in our blood that readily kill bacteria upon encountering them. A simple model
would be:

dB

dt
= rB � kNB ,

where B and N are the number of bacteria and neutrophils per ml of blood, r is the growth
rate of the bacteria (per hour), and k is the rate at which bacteria are killed by neutrophils.
a. What is the doubling time of the bacteria in the absence of neutrophils?
b. Neutrophils are short-lived cells produced in the bone marrow, and chemotherapy can

markedly reduce the neutrophil counts in the peripheral blood. What is the critical number
of neutrophils that is required to prevent rampant bacterial infections after chemotherapy?

c. What is the dimension of the parameters r and k?
d. The kBN term is called a mass-action term because it is proportional to both the bacterial

and the neutrophil densities. A disadvantage of such a term is that each neutrophil is assumed
to kill an infinity number of bacteria per hour if the bacterial density B ! 1 (please check
this). Later in the course we will use saturation functions to allow for maximum killing rates
per killer cell. An example of such a model would be dB/dt = rB� kNB/(h + B) where the
total number of bacteria killed per hour approaches kN when B ! 1 (please check this).
What is now the dimension of k?

e. What is now the critical number of neutrophils that is required to prevent bacterial infections
after chemotherapy? Can you sketch this?

f. What is the dimension of h, and how would you interpret that parameter?

Question 1.7. Physics⇤

The linear ODEs used in this Chapter should be familiar to those of you who studied the famous
equations for velocity and acceleration. One typically writes:

dx

dt
= v and

dv

dt
= a ,

where x is the total distance covered, v is the velocity, and a is the time derivative of the
velocity, which is defined as the “acceleration”. Integrating dv/dt gives v(t) = at + v(0), where
the integration constant v(0) is the velocity at time zero, and integrating dx/dt = at+v(0) gives
x(t) = 1

2at2 + v(0)t.
a. Check the dimensions of v and a.
b. Check these solutions.

B: number of bacteria
N: number of neutrophils
r: natural rate of increase

k: killing rate
all per ml of blood

How much neutrophils do we need to 
control bacterial infections?
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total number of bacteria killed per hour approaches kN when B ! 1 (please check this).
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= 0

Nc = r/K is the critical number 
of neutrophils per ml of blood.

Clinically we know that Nc ~ 5 x 105 cells per ml
and that r = 1.6 per hour: 

k = 3 x 10-6 per hour per neutrophil.

gives N = r/k
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interpatient variability in neutrophil functionality with autologous 
sera alone led to vast differences in the response to different levels 
of bacterial influx. Even with G-CSF support, P4-treated could not 
overcome a bacterial influx of 300 CFU/ml/h (Figure 4B); impor-
tantly, as described above, some septicemic patients demonstrate 
blood B of 102–103 CFU/ml (14–17). Conversely, P1-treated over-
came a 350-fold increase of this influx (Figure 4C). Put differently, 
for a given neutropenic profile, the patient’s neutrophil function-
ality determined the critical bacterial influx above which severe 
infections developed. It was previously shown that in general, this 
critical bacterial influx depends sensitively on N, neutrophil func-
tionality, and bacterial growth rates (12). Here, we demonstrated 
that with the recorded interpatient variability, this critical value 
changed by at least 2 orders of magnitude. We concluded that this 
phenomenon is dramatic and is expected to be clinically observable.

The above results applied to neutropenic patients with neu-
trophil counts close to the medical threshold value of 500 ! 103 
neutrophils/ml (Figure 4A). Simulations of the same model with 
noncritical neutropenic profiles do not exhibit such parameter 
sensitivity (12). Indeed, when the neutrophil nadir counts were far 
above (270% increase) or far below (28% decrease) the threshold 
value, all patients eventually recovered or rapidly developed acute 
infections, respectively.

Discussion
Here, the bistable model was shown to provide an organizing 
structure relating neutropenia-associated conditions, neutrophil 
dysfunctions, and bacterial influx. It fully explained the current 
knowledge of in vitro bacteria-neutrophil dynamics and was cor-
roborated by our experimental data. Using a mathematical model, 
we examined the clinical implications of these findings on infec-

tion development in neutropenic patients and in patients with 
malfunctioning neutrophils. We propose that all major clinical 
observations regarding the development of infections in neutro-
penic patients are consistent with our model.

First, the severity and duration of the neutropenic nadir are 
known to be correlated with increased risk of infection (1, 18). The 
existence of the BNC indicates that the severity and duration of 
the nadir directly influence the likelihood of developing a severe 
infection, thus explaining the observed correlation.

Second, at some ranges of nadir levels and nadir durations, the 
risk of infection greatly increases (1, 18). For these near-critical 
ranges, there was strong interpatient variability in infection devel-
opment. Our model provided a mechanism for handling such 
variability: the interpatient variability in neutrophil function led 
to variability in the individual critical Nc and thus to strong vari-
ability in infection development among patients with similar neu-
tropenic profiles.

Third, sterility and isolation are known to reduce the risk of 
infection in some neutropenic patients (19, 20). In our in vivo 
model, the barriers’ integrity and the sterility conditions influ-
enced one combined parameter: bacterial influx. Occasional con-
tamination appears as a local sudden change in B. The existence 
of the BNC may explain the sensitivity of neutropenic patients to 
occasional contamination, hence the need for isolation. Aseptic 
conditions help to keep the bacterial load below this critical curve. 
Occasional large bacterial contamination may push the bacterial 
load above the BNC and lead to a severe infection. The shift of 
this curve to higher N values when bacterial influx is incorporated 
(12) explains the importance of sterile conditions for neutropenic 
patients. This shift means that the same occasional contamination 
that may be kept under control under sterile conditions would lead 

Figure 2
Sign diagrams. At each initial experimental 
data point [B(0),N], we indicate whether 
the final bacterial population in each of the 
2 duplicates after 60 minutes has a larger 
or smaller value than the initial one (+ or O, 
respectively). As each initial data point cor-
responds to 2 experiments (duplicates; see 
Methods), 2 symbols are plotted for each 
point. Points with 2 different signs appear 
near the BNC, where small experimental 
deviations between the duplicates may 
lead to opposite outcomes. (A) A slanted 
line (here in log scale) divided the sym-
bols better than a vertical line (n = 78). (B)  
S. epidermidis data (n = 34), adopted 
from ref. 10. (C and D) Addition of the BNC 
(black curve), determined from the fitted 
mathematical model of Equation 3 and 
Table 2 (the dashed BNC curve of Figure 
1D in a logarithmic plot). The entire data 
set (n = 86) is presented in C, and the sin-
gle subject P1 (n = 22) in D, with the extent 
of increase/decrease (i.e., magnitude of 
Y = log[B(60 minutes),N/B(0)]) shown by 
color. As expected, near the BNC, the rates 
were close to 0 (greenish symbols).

+ Bacterial growth

Bacterial decline
Malka et al., J. Clin Invest. 2012
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