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In amodifiedFitzHugh—Nagumomodelfor excitabletissueaspiralwaveis foundto breakup intoanirregularspatialpattern.
Themain differencebetweenour equationsandthestandardFitzHugh—Nagumomodel is that we usetwo different time con-
stants:onefor therelative refractoryperiod andanotherfor the absoluterefractoryperiod. Breakupoccurswhen therelative
refractoryperiodis short.The effectis numericallystableatleastfor afive-fold decreasein thespaceintegrationstep.

1. Introduction modifying the dynamicsof the recoveryvariable.

Spiral waves in excitable mediaprovide an im-
portantexampleof self-organizationphenomenain 2. Mathematicalmodel andmethodof computation
spatiallydistributedbiological, physical and chem-
ical systems[1]. Usually, spiral wavesoccur either For numerical computation we use FitzHugh—
becauseof inherentheterogeneityin the excitable Nagumo-type equations with piecewise linear
tissue,or becauseof somespecial initial conditions “Pushchinokinetics” [12 13],
[2]. However, in some cases,spiralscanbe gener-
atedevenin homogeneoussystems.Recentstudies ~9e/ôt=V2e—f(e) —g,
havedemonstratedthata spiral canbreakup, and ôg/ôt—E(eg)(ke—g), (1)
spontaneouslygeneratecomplicatedspatio-temporal
patterns[3—10].Thisprocessof spiral breakuphas with f(e)=C

1e when e<e1 f(e)= —C2e+awhen
beenobservedin some sophisticatedequationsfor e1 v~e~e2 f(e) = C3(e-.-1) whene> e2, and~(e, g)
cardiactissue[4—7 and in severalcellularautomata = ~ whene< e2 ~(e,g) = ~2 whene> e2, and~( e, g)
models [3,8—10]. However, the mechanismin- =~ when e<e1 andg<g1. The parametersdeter-
volvedis unknown,butthebreakupis believedtobe miningthe shapeof thefunctionf(e) aree1 = 0.0026,
associatedwith thediscretenatureofthe model [8], e2=0.837,C1 =20, C2= 3, C3= 15, a=0.06andk=3.
or in somecasesto be connectedwith the presence With theseparametervalues the functionf(e) is
of two inward ionic currents[7]. Onewayof study- continuous.The shapeof thefunctionf(e) specifies
ing the mechanismunderlyingthis effect is to re- fastprocessessuchasthe initiation of the actionpo-
produce it in simple minimal partial differential tential. The dynamicsof the recoveryvariableg in
equationmodelsof excitabletissue,which allow us (1) is determinedby thefunction ~(e,g). In ~(e,g)
to studytheinfluenceof discreteeffects,pulseshape, the parameter~‘ specifiesthe recoverytime con-
dispersionrelation, etc., on the processof spiral stant for small valuesof e and g. This region ap-
breakup.However,recentcomputationsby Winfree proximately correspondsto the relative refractory
show that this effect is unlikely to exist in classical period. Similarly, �~‘ specifies the recoverytime
FitzHugh—Nagumoequations[11]. Here we show constantfor relatively large valuesof g and inter-
that it is possibleto obtain the spiral breakupin a mediatevaluesof e.This regionapproximatelycor-
simpletwo-componentmodelof excitabletissueby respondsto thewave front,wavebackandto theab-
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soluterefractoryperiod. Themain differencebetween time constantfor the relativerefractoryperiodv~ -
model (I) andthepreviousmodel [I 3] is thatmodel We foundthat spiralbreakupoccurredif e~ was less

I ) usestwo independentconstants~ ande~for than 5.5. Figure I showsthe evolution of a spatial
the refractory state.The valuesof theseparameters patternin a mediumwith ~ =2.8. In this casethe
were fixed at fj = 75, ~ = I - = 1.8, and 0.5< wave makes several rotations with pronounced

<10. meanderingandbeginsto fragmentcloseto thecentre
For numericalcomputationswe used the explicit of the spiral (fig. Ic). However, at this moment in

Euler method with Neumannboundaryconditions, time, thereis not enoughrecoveredspaceand the

and the rectangulargrid measuredfrom l00~100 wave breaksdisappear.Later, at time 1= Ill, a larger
elementsup to 1000x700elements.To initiate the fragment of the wave breaks away (fig. le). initi-
first spiral we used initial datacorrespondingto a ating two new spirals.This processcontinues,andal

2D brokenwavefront, the breakbeinglocatedin the 1= 183 we seefive interactingrotating spatialwaves

middleof the excitabletissue. (11g. If).
In a largeexcitable medium,the behaviourof the

systembecomesmore complicated.Figure 2 shows
3. Resultsand discussion the samecomputationas in fig. I, hut on a grid of

l000x 700 elements.The final structurecomprises
We found that the spiral breakupoccurredspon- many wave breaks of various sizes and a compli-

taneouslyin the excitable mediathat havea short- cated spatial distribution of’ the recoveryvariable.
enedrelative refractory period. In our computations This picture evolves in time, new breaksoccurcon-
we fixed thetimeconstantfor the absoluterefractory tinuously and disappear;generically,however, the
period at ~ =75, and we variedthe value of the picture remainssimilar. Note that in this casethe

_______ I... “~I ~

_______ F’

a b C

~ r’:.~~i~:.~‘j”j”:~,.
Fig. I. The spiral breakupin model (1). The picturesare ai time (a) 1=27, (b) 67. (c) 82. (d) 107, (ci III, (f) 183. Numerical
integrationwith spacesteph, = 0.5 andtimesteph, = 0.0222on thegrid of 120x 120 elements.The blackarearepresentstheexcitedstate
of thetissue (e> 0.6),dark greyshowsthe regionwhereg> 1.8 (closeto theabsoluterefractorystate)andintermediateshadingfrom
grey to white showsdifferentlevelsof g, 0<g< 1.8 (estimatefor ihe relativerefractoryperiod).
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Fig. 2. Thespatialpatternthatoccurredspontaneouslydueto thespiralbreakupin theexcitablemediummeasuring1000x 700 elements
atthetime t= 1554. All othersettingsarethesameasin fig. I.

processof spiral breakupalso startedclose to the resultsof our computation.The first majorbreakup
centreof the initial spiral, andspreadout over the appearedin the sameway as in figs. 3a and le.
entiremedium. Forthe breakupof spirals, it is not necessaryfor

We studiedthe stability of spiral breakupat var- the two nullclines in eq. (1) to be parallel to each

ious spatial and time integrationsteps.Figure 3a other (k=C2=3); however,the slope of the null-
showsthe samecomputationas fig. 1 but with the dinefor the slowvariableaffectstheprocessof spi-
spacestepdecreasedfive-fold and the time stepde- ral breakup.We foundtheeffectof breakupat k=4.5
creased25-fold. In bothcasesthepictureof the first andC2=3,but it waslesspronounced.Thefirst ma-
major breakupis similar. (Comparefig. 3a and fig. jor breakupin thissituationoccurredat time t= 305,
1 e.) The errorin thesecomputations,estimatedus- whereasin fig. 1 it occurredat I = 111.The threshold
ingthedifferencebetweenthecomputedandthesat- of theexcitablemedium(theparametera) wasalso
uratedvaluefor the velocity of planewave propa- importantfor the processof spiral breakup.We did
gation, is less than0.2%for spacesteph5=0.l and observethe breakup when the thresholdwas in-
less than 5% for h~= 0.5. creasedthree-fold (a= 0.18); however,the first ma-

Becausethedifferencein thetimeconstantsof the jor breakupin this situationoccurredlater,at t= 360.
absoluteandrelativerefractoryperiodsis important Another parameterthat is important for spiral
for the effect studiedin this paper,we looked for a breakupis relativerefractoriness(dependenceof ~
possiblesourceof numericalinstability: theregionof on the variablese andg). As we mentionedabove,
abruptchangefrom ~ and ~. We madea compu- increasingthetime constantfor the relativerefrac-
tationin which we usedlinearinterpolationfrom the tory periodmakesthebreakupimpossibleat ~
valueof~’=75to thevalueof~’=2.8.In this case 5.5.
the excitabletissuespendsabout30% of timeat the The effectof spiral breakupis not a uniqueprop-
regionwhere ~- changesto ~ j ‘. Figure 3b shows erty of model (1) with particular piecewiselinear
that this modification of recoverydid not affectthe “Pushchinokinetics”. Modifying thedynamicsof the
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recovery variable ( using two independentconstants

for relativeandabsoluterefractoryperiods) svcv~ere
-~ able to observethe effect of spiral breakup in ihc

FitzHugh—Nagumomodel, with the standardfunc-

tion 1(e) in the form of a cubic parabola(/( ) --
20e(c’—O.l) (e—I)). We can see (fig 4) that ihc
picture which occurs in this situation is sirnilai it

figs. I and2.

The mechanismunderlyingspiral bieakup is iiotquiteclear; however,in our caseit is connected~cith

I
functionalheterogeneityof thetissues~ithrespectto
the refractory period, the heterogeneits.being in

‘ ducedby thespiral itself. The patchin therefrauoi
period (fig. Id) at which the wave latei breaks up
canbeseenclearly.We presumethat this kind of hel
erogeneityis associatedwith sonic kind of bifurca
tion in the pulsepropagationduring high frequenc\

______ -- forcing. Figure 5 showsthetime—spacecourseof one
(a) dimensionalwave propagationduring forcing sviilt

period i~=24.5 The length of the forcing period v
-~ within therangeof periodsofa meanderingspiralat

0 theseparametervalues.We see (fig. 5 small osc

~ lations in the velocit~and duration of the ~vcited

_ H ~..

(b)

Fig. 3. The first major breakupof a spiral wave ai variousinic-

gralionsteps(a) and recoverykinetics (b). (a) Compuiaiionot

eqs. (I) with h~=0.1. h,= 0.000888,grid 600x 600 clemenis.(h)

Computation with linear interpolation from ihe value of = Fig. 4 1 he spatialpatternthai occurredspontaneouslydue to thi

75 to lhe saluc of ~‘ =2.8: (t. e) =‘ when e.- t-~ and spiral breakupin thecscitablemediummeasuring500xyOOclc-

~<2l: s(i’.gl =r~’ +(~ —--v )(g—. l.5)/OM when menisatthetimci_2266 Numcrieal intcgrationwiththefun~-

and I.5<g<2.l:v(c’,g)=~ whenc’<e
1andc<it.5.h~-=(IS. tiont( )=20L I) I lIt - I thcotherparametersarc =4

h,=0.0222. grid I 20x 12(1 elements:hoih pictures arc at time ~() 049 —1) I8S — 1 o All otherseiiingsarethe samea~

/=111. in fig I
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Fig. 5. Pulsepropagationduringperiodicforcing with periodt~=24.5.h,=0.l, h,=0.000888;gray scalecodingis thesameasin fig. 1.
Spaceandtimearemeasuredin nondimensionalunits.The dottedline correspondsto moment1= 1038 in time.
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